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We present a mixed-dimensional atomic gas system to unambiguously detect and systematically
probe mediated interactions. In our scheme, fermionic atoms are confined in two parallel planes
and interact via exchange of elementary excitations in a three-dimensional background gas. This
interaction gives rise to a frequency shift of the out-of-phase dipole oscillations of the two clouds,
which we calculate using a strong coupling theory taking the two-body mixed-dimensional scattering
into account exactly. The shift is shown to be easily measurable for strong interactions and can be
used as a probe for mediated interactions.
Mediated interactions were originally introduced to
provide a quantum-mechanical explanation for the pe-
culiar “action at a distance” interactions like gravity and
electromagnetism and they now constitute a major over-
arching paradigm in physics. In particle physics, ex-
change of gauge bosons is responsible for the propagation
of fundamental interactions [1]. In condensed matter, the
attraction between the electrons in BCS superconductors
arises from the exchange of lattice phonons [2], and it
is speculated that the mechanism behind high-Tc super-
conductivity lies in the exchange of spin fluctuations [3].
The concept of mediated interactions is also important in
classical physics, where fluctuations of classical fields are
responsible for phenomena such as the finite-temperature
Casimir effect in electrodynamics [4] and in biophysics
[5].
Ultracold atoms have emerged as a versatile platform
for the investigation of many-body physics, and a host
of schemes have been proposed to explore mediated in-
teractions using these systems. For instance, mediated
interactions lead to the formation of a p-wave superfluid
in spin-imbalanced fermionic systems [6–9]; they are re-
sponsible for the formation of a topological superfluid
with a high critical temperature in 2D systems [10–12],
and in 1D quantum liquids they are shown to result
in Casimir-like forces between impurities [13]. In most
cases, however, the mediated interaction is weak and
in competition with direct interactions between atoms,
making its experimental observation challenging.
In this paper, we apply the mixed-dimensional setup
proposed in [14] and illustrated in Fig. 1 to study me-
diated interactions. Specifically we consider two parallel
layers located at z1 = 0 and z2 = d, which contain an
equal number of spin-polarized non-interacting fermions
(A-species). The layers are immersed in a uniform 3D gas
of interacting spin 1/2 fermions (B species), which can be
tuned through the BEC-BCS cross-over. The presence
of the 3D gas induces a mediated interaction between
the A-particles: one A-particle will perturb locally the
surrounding B-particles thereby inducing excitations in
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FIG. 1. We consider A-fermions confined in two layers by two
identical harmonic traps with a frequency ωz much larger than
any other energy scale in the system, and trapped in the xy
plane by a weak harmonic potential with frequency ω⊥. The
two layers are immersed in a 3D cloud of spin 1/2 fermions
(B-atoms), which mediates an interaction between the two
layers. This mediated interaction gives rise to a frequency
shift of the out-of-phase dipole oscillation of the two A-clouds,
which depends on the B-B scattering length aBB as well as on
the 2D-3D A-B scattering length aeff . The ranges of aeff and
aBB analyzed in this paper are indicated by the grey regions.
The main focus of our paper is for a strong 2D-3D interaction
and on the BEC side of the 3D gas with a dimer scattering
length aB .
the 3D gas, which in turn affects the dynamics of a sec-
ond A-particle. If A-particles are harmonically trapped,
this mediated coupling leads to a beating between os-
cillations in the two planes. Measuring the beating fre-
quency between the 2D-clouds therefore gives access to
the strength of mediated interaction. This scheme is sim-
ilar to Coulomb drag experiments in bilayered electronic
systems [15] that was recently generalized to the case of
dipolar gases [16].
To analyze the dynamics of this system, we develop
a systematic many-body theory for the mediated inter-
plane interaction that includes the low-energy mixed-
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2dimensional A-B scattering exactly. We then derive an
expression for the associated interaction energy between
the two planes and calculate the frequency of the out-of-
phase dipole oscillations of the 2D clouds in the xy-plane.
In the weak A-B interaction limit, our results recover the
perturbative expression for a mediated interaction pro-
portional to the density-density response function of the
3D gas. In the strong A-B interaction limit, however,
the weak-coupling result breaks down completely. In the
latter case we focus on the BEC regime of the 3D gas
and show that the mediated interaction gives rise to a
significant and easily detectable shift in the out-of-phase
dipole oscillation frequency of the two clouds.
2D-3D scattering.– The interaction between the A and
B particles is short range and can be characterised by
an effective 2D-3D scattering length aeff [17]. Solving for
the scattering matrix in the many-body medium yields
TAB(p⊥, iων) = g
1− gΠ(p⊥, iων) , (1)
where g = 2piaeff/
√
mBmr, and mr = mAmB/(mA +
mB) is the reduced mass (~ = kB = 1). Here mA
denotes the mass of an A-fermion and mB that of the
scattering particle in the 3D gas, namely the mass of B-
fermion (dimer) in the BCS (BEC) regime. Π(p⊥, iων) is
the renormalised 2D-3D pair propagator for the center-
of-mass (COM) momentum p⊥ = (px, py) in the plane,
and iων is either a bosonic (BCS regime) or fermionic
(BEC regime) Matsubara frequency. Equation (16) in-
cludes many-body effects in the ladder approximation
(see the Supplemental Material), and recovers the correct
low energy 2D-3D scattering matrix in a vacuum [18]. .
Mediated interaction for weak 2D-3D interaction.–
Consider first the case of a weak 2D-3D interaction where
aeff is much smaller than the interparticle spacing of the
A and B particles. We then have TAB(p⊥, iων) ' g from
(16), and second-order perturbation theory gives
Vm.i.(q⊥, iων) = g2
∫ ∞
−∞
dqze
iqzdχB (q⊥, qz, iων) , (2)
which describes the mediated interaction between two
A-particles in different planes. Here (q⊥, iων) =
(qx, qy, iων) are the transferred momentum and frequency
and χB(q⊥, qz, iων) is the density-density response func-
tion of the B-cloud. The integration over the momentum
qz comes from the fact that it is not conserved in the
2D-3D scattering. Deep in the BCS limit where the B
fermions form an ideal Fermi gas, the mediated inter-
action (2) is of the form of a Ruderman-Kittel-Kasuya-
Yosida potential [14, 19–21]. When the B fermions are
deep in the BEC limit where they form a weakly inter-
acting BEC of dimers, the mediated interaction takes
the form of a Yukawa potential [22]. At zero frequency,
Fourier transforming (2) back to the real space gives
Vm.i.(r) =
{
g2 mB16pi3
2pF r cos 2pF r−sin 2pF r
r4 BCS limit
−g2 nBmBpir e−
√
2r/ξB BEC limit
(3)
where pF is the Fermi momentum of the 3D Fermi gas in
the BCS regime, and nB is the density of the 3D BEC of
dimers with coherence length ξB = 1/
√
8pinBaB . Here,
aB = 0.6aBB is the scattering length between the deeply
bound dimers of B fermions [23].
Mediated interaction for strong 2D-3D interaction.–
For a strong 2D-3D interaction where aeff is compara-
ble to or larger than the interparticle spacing, the medi-
ated interaction between the two layers takes on a more
complex form. The reason is that we need to retain the
full COM momentum and frequency dependence of the
2D-3D scattering matrix given by (16).
We shall from now on concentrate on the BEC limit of
the B-fermions, namely when they form a weakly inter-
acting BEC of dimers, which can be treated within Bo-
goliubov theory. The mediated interaction between the
A-particles is calculated including all processes where a
single Bogoliubov phonon in the BEC is exchanged be-
tween the two layers. In a diagrammatic language, these
processes are shown in Fig. 2 (a). Summing up the con-
FIG. 2. (a) The mediated interaction Vm.i. between fermions
in layer 1 and 2 coming from the exchange of one Bogoliubov
mode. The box represents the 2D-3D scattering amplitude
TAB , the dashed red line represents bosons emitted or ab-
sorbed by the condensate, and the red thick line with one
arrow and two arrows represents the normal GB11 and anoma-
lous Green’s functions GB12 (or G
B
21) respectively. (b) The
leading correction to the thermodynamic potential due to the
mediated interaction between the two planes. The thin solid
lines represent the Fermi propagators in the two planes.
tributions from the four terms in Fig. 2 (a) gives
Vm.i.(p1, p2; q) = nBTAB(p1 + q)TAB(p2)G¯B11(q⊥, iων)
+nBTAB(p1)TAB(p2 − q)G¯B11(−q⊥,−iων)
+nBTAB(p1 + q)TAB(p2 − q)G¯B12(q⊥, iων)
+nBTAB(p1)TAB(p2)G¯B21(q⊥, iων), (4)
where p1 ≡ (p1⊥, iωm1), p2 ≡ (p2⊥, iωm2), and q ≡
(q⊥, iων). Here ωm = (2m + 1)pi/β and ων = 2νpi/β
are Fermi and Bose Matsubara frequencies respectively,
where β = 1/T is the inverse temperature and m and ν
3are integers. In (4), the Green’s functions of the BEC are
integrated over the z-component of the momentum as
G¯Bαβ(q⊥, iων) ≡
∫ ∞
−∞
dqz
2pi
GBαβ(q⊥, qz, iων)e
iqzd. (5)
The Green’s functions of the 3D BEC are as usual
GB11 =
u2k
iων − Ek −
v2k
iων + Ek
, GB12 =
gBnB
ω2ν + E
2
k
(6)
where k = (k⊥, kz) and GB21(k, iων) = G
B
12(k, iων). We
have defined u2k, v
2
k =
1
2 [(k + gBnB) /Ek ± 1], Ek =√
k(k + 2gBnB) is the Bogoliubov spectrum with k =
k2/2mB , and gB = 4piaB/mB . Note that the mediated
interaction (4) depends on both p1 and p2 as well as q
due to the momentum and frequency dependence of the
2D-3D scattering. In fact, in the weak interaction limit
TAB ' g, one recovers (2) from the more general expres-
sion (4).
Thermodynamical potential.– We now derive an expres-
sion for the correction to the thermodynamic potential Ω
due to the mediated interaction between the two planes
for a general strength of the 2D-3D interaction. The
dominant contribution is the Hartree term illustrated in
Fig. 2 (b). For a homogeneous system, this term gives
the correction per unit area as(for the rest of the paper
the ⊥ subscript will be dropped in the vector notation
and all bold face letters now denote in-plane 2D vectors)
Ω¯m.i. =
1
β2
∑
m1m2
∫
d2p1
(2pi)2
d2p2
(2pi)2
Vm.i.(p1, p2; 0)
×GA1 (p1, iωm1)GA2 (p2, iωm2), (7)
where GAj (p, iωm) = 1/(iωm − p2/2mA + µA) is the
Green’s function for the A-fermions in the j-th layer
with µA being the chemical potential. Using (4)
together with the identity 2G¯11(0, 0) + 2G¯12(0, 0) =
−√2nBmBξB exp(−
√
2d/ξB) yields
Ω¯m.i. = −
√
2mBξBnBe
−√2d/ξB Ω¯1Ω¯2, (8)
where
Ω¯j =
1
β
∑
m
∫
d2p
(2pi)2
TAB(p, iωm)GAj (p, iωm). (9)
We point out that the Matsubara frequency summation
in the above expression can in fact be performed analyti-
cally (see supplementary material), which greatly simpli-
fies the numerical calculation of thermodynamic poten-
tial density.
Local-density approximation.– Using the local-density
approximation, we can generalize (7), which was derived
assuming homogeneous system, to the case of trapped
2D Fermi clouds. This yields the total correction as
Ωm.i.(1 − 2) =
∫
d2r1d
2r2[2G¯
B
11(r1 − r2, 0)
+2G¯B12(r1 − r2, 0)]Ω¯1(r1 − 1xˆ)Ω¯2(r2 − 2xˆ), (10)
where G¯Bij(r, 0) is the Fourier transform of G¯
B
ij(p, 0) back
to real 2D space, and Ω¯i(r) is given by (26) using a local
chemical potential µA(r) = µA + mAω
2
⊥r
2/2. In (10),
we have allowed the two A-clouds to be rigidly displaced
distances of 1 and 2 along the x-axis in order to anal-
yse their coupled dipole oscillations, see Fig. 1. Since
G¯Bij already contains a Fourier transform with respect
to z-momentum, see (5), the bosonic Green’s functions
entering (10) now simply add up to the density-density
correlation function of the BEC evaluated at the 3D real
space distance r = |r1 − r2 + dzˆ|. Using this, we finally
obtain
Ωm.i.(1 − 2) =− mBnB
pi
∫
d2r1d
2r2
e−
√
2r/ξB
r
× Ω¯1(r1 − 1xˆ)Ω¯2(r2 − 2xˆ). (11)
Equation (11) can be understood as follows. Consider
two area elements of the 2D gases, one located at r1−1xˆ
in layer 1 and the other at r2 − 2xˆ in layer 2. The con-
tribution from these two elements can be approximated
by the expression in (8) in which the relative distance is
taken to be r instead of d. Equation (11) then sums up
all such contributions in the two clouds.
For weak interaction, we see from (26) that Ω¯j(rj −
jxˆ) = gnj(rj − jxˆ), where nj(rj − jxˆ) denotes the
equilibrium fermion density in layer j rigidly displaced
the distance j along the x-axis. Equation (11) then sim-
plifies to
Ωm.i.(1 − 2) =− g2mBnB
pi
∫
d2r1d
2r2
e−
√
2r/ξB
r
× n1(r1 − 1xˆ)n2(r2 − 2xˆ), (12)
which is the usual Hartree approximation for the inter-
action energy between the two planes mediated by a
Yukawa interaction.
Coupled dipole oscillations.– Consider now the situ-
ation where the two clouds perform dipole oscillations
around their equilibrium positions, see Fig. 1. For small
displacements 1 and 2, the COM velocities and the
beating frequencies are small compared to the speed of
sound in the 3D gas and the trapping frequencies respec-
tively, yielding rigid and undamped oscillations of the
2D clouds [24]. The COM dynamics is then determined
by the energy increase δE associated with the displace-
ments of the clouds. For rigid displacements, we have
δE = Ωm.i.(1−2)−Ωm.i.(0)+[µA(1)+µA(2)−2µA]NA,
which gives
δE(1, 2) =
1
2
NAmAω
2
⊥(
2
1+
2
2)+Ωm.i.(1−2)−Ωm.i.(0),
(13)
where NA is the number of fermions in each layer. Taylor
expanding Ωm.i.(1 − 2) to second order in 1 − 2, we
readily see that the motion of the two clouds separates
4into an in-phase oscillation with frequency ω⊥, and an
out-of-phase oscillation with frequency
ωr = ω⊥
√
1 + 2I/NAmAω2⊥, (14)
where
I =
∂2
∂21
Ωm.i.(1 − 2)
∣∣∣∣
1−2=0
. (15)
The microscopic expression for ωr for arbitrary strength
of the 2D-3D interaction in terms of (26), (11), (14), and
(15) is the main result of this letter and it explicitly shows
how the mediated interaction can be probed by measur-
ing the frequency of the out-of-phase dipole oscillations
of the two clouds.
Results.– We now calculate the frequency ωr for a re-
alistic cold-atom system consisting of NA = 1000
40K
atoms trapped in each plane, immersed in a 3D BEC
of 6Li dimers. The transverse trapping frequency for the
40K clouds is ω⊥ = 2pi×380 Hz, the density of the BEC is
nB = 10
18m−3, and the coherence length is ξB = 2.7µm.
We furthermore assume that the temperature is zero. In
Fig. 3, we show the frequency ωr/ω⊥ as a function of the
2D-3D interaction strength 1/kFaeff at a fixed interlayer
distance d = 0.4µm. The frequency increases monoton-
ically as aeff increases. For weak interaction, it agrees
with the second order result (dashed line). For stronger
interaction, the full frequency/momentum dependence of
the 2D-3D scattering is important, and the perturbative
result deviates significantly from the full strong-coupling
theory. In particular, whereas the perturbative result
diverges for 1/kFaeff → 0, the strong-coupling theory
predicts a finite frequency saturating at ωr ' 1.48ω⊥.
Importantly, the frequency shift becomes significant for
−2 . 1/kFaeff ≤ 0, which includes a region sufficiently
far from unitarity so that the predicted 3-body loss is
small [25]. This demonstrates the usefulness of our pro-
posal to detect mediated interactions. Note that this re-
sult can only be obtained using a strong coupling theory,
since the perturbative result is only accurate for weak
interactions where the frequency shift is minute.
In Fig. 4, we plot ωr/ω⊥ as a function of the ratio of the
interparticle distances n
1/3
B /n
1/2
F (keeping nF fixed) with
1/kFaeff = −0.1 and all other physical parameters the
same as for Fig. 3.a. The density of the BEC enters the
mediated interaction in two ways, which is most clearly
seen in the weak-coupling limit given by (3): First, the
strength of the interaction is proportional to nB ; sec-
ond, the range of the interaction is determined by the
BEC coherence length ξB ∝ 1/√nB . Thus, increasing
the density increases the strength but reduces the range
of the mediated interaction, and it is not a priori obvi-
ous what the net effect on the frequency shift will be.
From Fig. 4, we see that for the chosen parameters, ωr in
fact increases monotonically with increasing BEC density
[26].
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FIG. 3. The frequency ratio ωr/ω⊥ of the out-of-phase dipole
oscillation as a function of 1/(kF aeff). The solid line is the full
strong coupling result whereas the dashed line is determined
by the second order perturbation theory.
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FIG. 4. The frequency ratio ωr/ω⊥ as a function of the ratio
of the interparticle distances n
1/3
B /n
1/2
F (keeping nF fixed) for
1/(kF aeff) = −0.1 and all other parameters as in Fig. 3. Here
nF is the fermion density at the center of the cloud.
Conclusions.– We demonstrated that a mixed-
dimensional setup consisting of two layers of identical
fermions immersed in a 3D background gas is a powerful
probe to investigate mediated interactions systematically.
The mediated interaction between the two layers modifies
the out-of-phase dipole oscillation frequency of the 2D
clouds, and we calculate this shift using a strong-coupling
theory taking into account the low energy scattering be-
tween the 2D and 3D particles. Using this theory, we
showed that for strong 2D-3D coupling, the resulting fre-
quency shift is clearly measurable.
Finally we note that the advantages of our proposal are
twofold. First, if the 2D trapping is realized using optical
potentials, the distance between planes is a few hundred
nanometres, which is much larger than the range of in-
5teratomic interactions. Any observed coupling between
the two planes is therefore solely due to a mediated inter-
action via the 3D gas. Second, the shift of the center-of-
mass oscillation frequency is a very precise spectroscopic
tool that can be used as a probe of weak interactions, as
demonstrated recently in [24, 27].
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2D-3D SCATTERING MATRIX
We provide some details on the 2D-3D scattering matrix given in Eq. (1) in the main text. In the strong 2D-3D
interaction limit and in the presence of a 3D BEC background, we need the scattering amplitude in medium between
the a 2D fermion and a 3D boson to determine the mediated interaction. In terms of the well-known T-matrix
approximation, the scattering amplitude TAB satisfies an integral equation represented diagrammatically in Fig. 5.
Here the ⊥ subscript is used to distinguish 2D plane vectors from the 3D ones. Using standard procedure the scattering
matrix can be expressed in terms of the 2D-3D zero-energy scattering amplitude in vacuum g = 2piaeff/
√
mBmr, where
mr = mAmB/M with M = mA + mB being the reduced mass and aeff being the 2D-3D scattering length. In doing
so, it can be shown that TAB only depends on the total momentum and frequency p⊥ = p1⊥+p2⊥ = p3⊥+p4⊥ and
ων = ωn1 + ων2 = ωn3 + ων4 . We find
TAB(p⊥, iων) = g
1− gΠ(p⊥, iων) . (16)
Here Π(p⊥, iων) is the renormalised pair propagation given by
Π(p⊥, iων) =
∫
d3p′
(2pi)3
[
u2p+
1 + b(Ep+)− f(ξp−)
iων − Ep+ − ξp−
+ v2p+
b(Ep+) + f(ξp−)
iων + Ep+ − ξp−
+
1
p′2z /2mB + p′2⊥/2mr + i0+
]
, (17)
where p′ = (p′⊥, p
′
z), p+ ≡ mBM p⊥+p′, p− ≡ mAM p⊥−p′⊥, and b(x) = 1/(eβx−1) and f(x) = 1/(eβx+1) are the Bose
and Fermi distribution function respectively. For weakly interacting Bosons, it is a good approximation to replace the
normal Green’s function GB11(q, iων) by the non-interacting Boson Green’s function G
B
0 (q, iων) = 1/(iων − q + µB)
in the scattering T-matrix. With this simplification, we find at T = 0
Π(p⊥, iων) =
∫
d3p′
(2pi)3
[
1− θ (kF − |mAp⊥/M − p′⊥|)
iων − (p2⊥/2M + p′2⊥/2mr + p′2z /2mB) + µA
+
1
p′2z /2mB + p′2⊥/2mr + i0+
]
, (18)
where kF =
√
2mAµA is the Fermi momentum of the A-species. Expressed in terms of the dimensionless variables,
TAB
p1 p3
p2 p4
=
p1 p3
p2 p4
+ TAB
p1 p3
p4p2
FIG. 5. Scattering T-matrix between a 2D fermion and a 3D boson. The black line represents the femion propagator and
the red thick line represents the normal boson propagator. Here p1 ≡ (p1⊥, iωn1), p2 ≡ (p2, iων2), p3 ≡ (p3⊥, iωn3) and
p4 ≡ (p4, iων4).
the pair propagator is
Π(p⊥, iων) = 2mAkF
∫
d2p′⊥
(2pi)2
∫
dp′z
2pi
[
1− θ (1− |p′⊥ − αAp⊥|)
iων −
(
αAp2⊥ + α
−1
B p
′2
⊥ + αAα
−1
B p
′2
z
)
+ 1
+
1
αAα
−1
B p
′2
z + α
−1
B p
′2
⊥ + i0+
]
, (19)
7where αA = mA/M and αB = mB/M . Here the frequency variables are scaled in terms of the chemical potential µA
and the momentum variables in terms of the Fermi momentum kF . We write
Π(p⊥, iων) = Π0(p⊥, iων) + ∆Π(p⊥, iων), (20)
where
Π0(p⊥, iων) ≡ 2mAkF
∫
d2p′⊥
(2pi)2
∫
dp′z
2pi
[
1
iων −
(
αAp2⊥ + α
−1
B p
′2
⊥ + αAα
−1
B p
′2
z
)
+ 1
+
1
αAα
−1
B p
′2
z + α
−1
B p
′2
⊥ + i0+
]
= −i mAkF
2piαA1/2α
−3/2
B
√
iων + 1− αAp2⊥ (21)
is the pair propagator in vacuum and
∆Π(p⊥, iων) ≡ −2mAkF
∫
d2p′⊥
(2pi)2
∫
dp′z
2pi
θ (1− |p′⊥ − αAp⊥|)
iων −
(
αAp2⊥ + α
−1
B p
′2
⊥ + αAα
−1
B p
′2
z
)
+ 1
= i
mAkF√
αAα
−1
B
∫
d2p′⊥
(2pi)2
θ (1− |p′⊥ − αAp⊥|)√
iων + 1− αAp2⊥ − α−1B p′2⊥
(22)
is the medium correction. Here
√
z always denotes the root of the complex number z that lies in the upper half plane.
From Eq. (21)-(22) we find (from now on we drop the ⊥ sign from the 2D vectors)
Π(p, iων) = −i mAkF
2pi2αA1/2α
−3/2
B
∫ pi/2
0
dθ
(√
iων − γ+(θ, p)−
√
iων − γ−(θ, p)
)
(23)
for αAp ≤ 1. Here and in the following
γ±(θ, p) ≡ α−1B p2±(θ) + αAp2 − 1, (24)
where p±(θ) = ±αAp cos θ +
√
1− α2Ap2 sin2 θ. For αAp > 1 we find
Π(p, iων) =− i mAkF
2pi2αA1/2α
−3/2
B
[√
iων − (αAp2 − 1) + 1
pi
∫ θ0
0
dθ
(√
iων − γ+(θ, p)−
√
iων − γ−(θ, p)
)]
, (25)
where θ0 = sin
−1(1/αAp).
CALCULATION OF Ω¯j
We now determine Ω¯j given in Eq. (9) in the main text, which is reproduced below
Ω¯j =
1
β
∑
m
∫
d2p
(2pi)2
TAB(p, iωm)GAj (p, iωm). (26)
In terms of the dimensionless momenta and frequencies introduced earlier, we get
Ω¯j = 2
gmA
β
∑
m
∫
d2p
(2pi)2
1
[1− gΠ(p, iωm)] [iωm − (p2 − 1)]
=
gmA
piβ
∑
m
∫ ∞
0
dp
1
[1− gΠ(p, iωm)] [iωm − (p2 − 1)] (27)
Submitting Eq. (23) and (25) into Eq. (27), and performing the Matsubara frequency summation, we find for negative
2D-3D scattering length aeff < 0 and in the zero temperature limit β →∞
Ω¯j = 2aeffα
1/2
A α
−1
B µA
∫ 1
0
dpS(p), (28)
where
S(p) =
1
1− kFaeff√αB 1pi
∫ pi/2
0
dθ
[√
1− p2 + γ+(θ, p) +
√
1− p2 + γ−(θ, p)
] . (29)
